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Abstract 

This paper studies the Cauchy problem for a one-dimensional nonlinear peridynamic 
model describing the dynamic response of an infinitely long elastic bar. The issues of 
local well-posedness and smoothness of the solutions are discussed. The existence of a 
global solution is proved first in the sublinear case and then for nonlinearities of degree 
at most three. The conditions for finite-time blow-up of solutions are established. 
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1. Introduction 

In this study, we consider the one-dimensional nonlinear nonlocal partial differential 
equation, arising in the peridynamic modelling of an elastic bar, 



utt — / ot(y — x)w(u(y,t) — u(x, t))dy, ieR, t>0 (1-1) 
Jw 

with initial data 

u(x,0) = ip(x), u t (x,0) =ip(x). (1.2) 

In (jl.ip ~ p.2p the subscripts denote partial differentiation, u — u(x,t) is a real-valued 
function, the kernel function a is an integrable function on R and w is a twice differen- 
tiable nonlinear function with w(0) — 0. We first establish the local well-posedness of the 
Cauchy problem (ll.ip - (|1.2D . considering four different cases of initial data: (i) continu- 
ous and bounded functions, (ii) bounded LP functions (1 < p < oo), (in) diffcrcntiablc 
and bounded functions and (iv) LP functions whose distributional derivatives are also in 
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L P (M.). We then extend the results to the case of L 2 Sobolev spaces of arbitrary (non- 
integer) order for the particular form w(rj) = rf . We prove global existence of solutions 
for two types of nonlinearities: when w(rf) is sublinear and when w(rj) = \rj\ v ~ 1 i] for 
v < 3. Lastly, for the general case we provide the conditions under which the solutions 
of the Cauchy problem blow-up in finite time. 

Equation is a model proposed to describe the dynamical response of an infinite 
homogeneous elastic bar within the context of the peridynamic formulation of elasticity 
theory. The peridynamic theory of solids, mainly proposed by Silling is an alterna- 
tive formulation for elastic materials and has attracted attention of a growing number 
of researchers. The most important feature of the peridynamic theory is that the force 
acting on a material particle, due to interaction with other particles, is written as a 
functional of the displacement field. This means the peridynamic theory is a nonlocal 
continuum theory and regarding nonlocality it bears a strong resemblance to more tradi- 
tional theories of nonlocal elasticity, which are principally based on integral constitutive 
relations @, 0, 0]. As in other nonlocal theories of elasticity, the main motivation is 
to propose a generalized elasticity theory that involves the effect of long-range internal 
forces of molecular dynamic, neglected in the conventional theory of elasticity. Another 
feature of the peridynamic theory is that the peridynamic equation of motion does not 
involve spatial derivatives of the displacement field. The absence of spatial derivatives 
of the displacement field in the equation of motion makes possible to use the peridy- 
namic equations even at points of displacement discontinuity. Furthermore, in contrast 
to the conventional theory of elasticity, the peridynamic theory predicts dispersive wave 
propagation as a property of the medium even if the geometry does not define a length 
scale. 

In the peridynamic theory, by assuming a uniform cross-section and the absence of 
body forces, the governing equation of an infinitely long elastic bar is given by 

Pou u = / f{u(y,t)-u(x,t),y-x)dy, (1.3) 

JR 

where the axis of the bar coincides with the coordinate axis, a material point on the axis of 
the bar has coordinate x in the undeformed state, u and / may be interpreted as averages 
of the axial displacement and the axial force located at any x at time i, taken over a cross 
section of the bar, and po is density of the bar material [a, (f. The space integral in (|1.3[) 
implies that the displacement at a generic point is influenced by the displacements of all 
particles of the bar (As commonly known, in the conventional theory of elasticity, the 
equation governing the dynamic response of an infinitely long bar is a hyperbolic partial 
differential equation that does not involve such a space integral originating from the 
nonlocal character of the peridynamic theory). Equation (| 1 . 3[) is obtained by integrating 
the equation of motion for the axial displacement over the cross-section and dividing 
through by the area of the cross-section. The bar is supposed to be composed of a 
homogeneous objective microelastic material 0, 0, Q and its constitutive behavior is 
described by the function /. Newton's third law imposes the following restriction on the 
form of /: 

f(v,0 = -f{-ri,-0 (1-4) 
for all relative displacements r\ — u(y, t) — u(x, t) and relative positions Q = y ~ x. For a 
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linear peridynamic material the constitutive relation is given by 



f(v,0 = a(Qv 

where a is called the micromodulus function [H 0, Q . It follows from (| 1 .4[) that a must 
be an even function. In [5j, |6j the dynamic response of a linear peridynamic bar has been 
investigated and some striking observations that are not found in the classical theory of 
elastic bars have been made. Some results on the well-posedness of the Cauchy problem 
for the linear peridynamic model have been established in 0, H, 0, [l(| • In spite of its 
age, there is quite extensive literature on the linear peridynamic theory. 

It is natural to think that more interesting behavior may be observed when the 
attention is confined to the nonlinear peridynamic materials. From this point of view, to 
the best of our knowledge, the present study appears to be the first study on mathematical 



analysis of nonlinear peridynamic equations. Techniques similar to those in [11|, [12, 
[T3I ] enable us to answer some basic questions, like local well-posedness and lifespan of 
solutions, as the groundwork of further analysis of the nonlinear peridynamic problem. 

In this study we consider the case in which the constitutive behavior is described by 
a class of nonlinear peridynamic models in the separable form: 

f(r h () = a(()w( V ) (1.5) 

where a and w are two functions satisfying the restriction imposed by (jl.4[) . This sepa- 
rable form, while allowing us to exploit the properties of convolution-based techniques, is 
not a serious restriction and it just makes the proofs easier to follow. Our results can be 
carried over to the case of general f(rj, £). We illustrate this in Theorem l2.8l by imposing 
certain differentiability and integrability conditions on /, we prove local well-posedness 
for the general nonlinear peridynamic problem. Throughout this study we assume that 
a is an integrable even function while w is a differentiable odd function so that (jl.4D is 
satisfied. 

Substitution of the separable form of (j 1 . 5|) into (11.31) and non-dimensionalization of 
the resulting equation (or simply taking the mass density to be 1) gives the governing 
equation of the problem in its final form (jl.ll) (Henceforth we use non-dimensional quan- 
tities but for convenience use the same symbols). The aim of this study is three- fold: to 
establish the local well-posedness of the Cauchy problem, to investigate the existence of 
a global solution, and to present the conditions for finite-time blow-up of solutions. 

The paper is organized as follows. In Section 2, the existence and uniqueness of 
the local solution for the nonlinear Cauchy problem is proved by using the contraction 
mapping principle. For initial data in fractional Sobolev spaces the general case seems to 
involve technical difficulties and in Section 3 we consider the particular case w(r/) — rf in 
the L 2 Sobolev space setting. We note that the cubic case can be easily generalized to an 
arbitrary polynomial of r\. In Section 4, we consider the issue of global existence versus 
finite time blow-up of solutions. We first show that blow-up must necessarily occur in the 
L°°-norm. We then prove two results on global existence and finally establish blow-up 
criteria. 

Throughout this paper, C denotes a generic constant. We use and ||u|| 

to denote the norms in L°°(R) and L P (R) spaces, respectively. The notation (u, v) 
denotes the inner product in L 2 (R). Furthermore, C(,(IR) denotes the space of continuous 
bounded functions on R, and C^(R) is the space of differentiable functions in C&(R) 
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whose first-order derivatives also belong to C&(R). In the spaces C&(R) and Qj(R) we 
have the norms IMI^ and Wu^ b — WuW^ + Wu'W^, respectively, where the symbol 
' denotes the differentiation. The Sobolev space W 1 ' P (M.) is the space of LP functions 
whose distributional derivatives are also in L P (R) with norm ||u|| wl , p = ||u|| + . 
Similarly, for integer k > 1, Ct(M.) denotes the space of functions whose derivatives up to 
order k are continuous and bounded; W k,p (M.) denotes the space of LP functions whose 
derivatives up to order k are in L P (R). 



2. Local Well Posedness 



Below we will give several versions of local well-posedness of the nonlinear Cauchy 
problem given by (|l.l[l - (|1.2[) . This is achieved in Theorems 12 . 2||2~51 for four different cases 
of initial data spaces, namely C b (M), i p (M) n i°°(R), C 6 X (R) and W 1<P (M.) (l<p< oo). 
The proofs will follow the same scheme given below. 

If is integrated twice with respect to t, the solution of the Cauchy problem 

satisfies the integral equation u = Su where 

(Su)(x,t) = cp(x)+tip(x) + ( (t - T)(Ku)(x,r)dr, (2.1) 

Jo 

with 

{Ku){x,t)= [ a(y-x)w(u(y,t)-u(x,t))dy. (2.2) 

Let X be the Banach space with norm where the initial data lie. We then 

define the Banach space X(T) = C([0,T], X), endowed with the norm ||u||x(r) = 
max tE| o !T] \\u(t)\\x, and the closed i?-ball Y(T) = {u e X{T) : \\u\\ X (T) < R}- We 
will show that for suitably chosen R and sufficiently small T, the map S is a contraction 
on Y(T). This will be achieved by estimating first Ku and then Su in appropriate norms. 
In each of the four cases, for u, v <E Y(T) we will get estimates of the form 

\\Su\\ x(T) < \M x +T,h{R,T) (2.3) 



(t-T)((Ku)(T)-(Kv)(r))dr <TJ 2 {R,T)\\u-v\\ x[T) (2.4) 

X(T) 

and hence 

||5u - Sv\\ x(T) < TJ 2 (R, T) \\u - v\\ x(T) (2.5) 

with certain functions J\ and Ji nondecreasing in R and T. Taking R > 2 ||</?|| x and 
then choosing T small enough to satisfy TJ X (R,T) < R/2 will give S : Y(T) -> Y(T); 
the further choice TJ 2 {R,T) < 1/2 will show that S is a contraction. This implies that 
there is a unique u € Y(T) satisfying the integral equation u — Su. But, as Ku is clearly 
continuous in t, we can differentiate (|2.1[) to get 



Ut(x, t) = ijj{x) + / (Ku)(x, r)rfr 
Jo 



4 



and consequently u u (x,t) = (Ku)(x,t). This shows that u G C 2 ([0,T], X) solves (|l.ip ~ 
(|1.2j) . Finally, if «i and U2 satisfy (|l.l[l - (|1.2jl with initial data for i = 1,2 we 

get 



ui - u 2 = tpt - ip 2 + t(ipi - V2) + / (t~ t){{K Ui ){t) - {Ku 2 ){T))dT. 

Jo 

Then the estimate (|2.4p shows that 

\\ui -u 2 \\ x{T) < \\tpx - p 2 \\ x +t\\i/j 1 -ip2\\ x + TJ 2 (R,T) \\m ~u 2 \\ x[T) . 

When TJ 2 (R,T) < 1/2, 

IK - u 2 \\ x{T) < 2 ||(^i - (p 2 \\ x + 2t \\ipt - i/j 2 \\ x 

for t G [0, T]. This shows that, locally, solutions of (|1.1[) - (|1.2[) depend continuously on 
initial data; thus the problem (|l.ll) - (|1.2[) is locally well posed. 

The Mean Value Theorem for nonlinear estimates and the following lemma for con- 
volution estimates will be our main tools: 

Lemma 2.1. Let 1 < p < 00 and f G L 1 (R), g G L P {E). The convolution (/ * g)(x) = 
Jr f(y ~ x )9{y)dy is well defined and f * g G i p (R) with 

\\f*g\\ P < WfWiWgh- 

In the estimates below, we will often encounter the nondecreasing function M(R) 
defined for R > as 

M(R) = max \w' (n)\ . (2.6) 

\ V \<2R 

We now state and prove (i.e. show that the estimates (|2.3[) and (|2.5[) hold) the four 
theorems of local well posedness. 

Theorem 2.2. Assume that a G L 1 (R) and w G C X (M) with w(0) = 0. Then there is 
some T > such that the Cauchy problem < ti._?|) -( TO)) is well posed with solution in 
C 2 ([0,T},C b (R)) for initial data (p,ip G C 6 (M). 

Proof. Take X = Cf,(K). For u G Y(T), clearly Ku is continuous in x and t and hence 
Su G C 2 ([0,T], V). Since w(0) = and 

|«(y,t)-«(x,t)| < 2[[u(t)[[ OOJ 

the Mean Value Theorem implies 

Hu(y) - u(s))| < sup \w'(r))\ \u(y) - u(x)\ = M (||«||oo)(|«(l/)| + |«(as)|), 
M<2|MU 

where we have suppressed the t variable for convenience. Then 



\(Ku){x,t)\ < MiWuit)^) I \a(y-x)\(\u(y,t)\ + \u(x,t)\)dy 

= M(\\u(t)\\ 00 )[(\a\*\u\)(x,t) + \\a\\ 1 \u(x,t)\], (2-7) 
5 



and 

||(tfu)(t)IL < 2M(||«(t)|| 00 )||a|| 1 ||«(t)|| 00 (2.8) 
where we have used Lemma |2. II Then 

\(Su)(x,t)\ < \<p(x)\+t\1>(x)\+ [ (t-r)\(Ku)(x,T)\dT, 



and 



ll(S")(*)IL < N|oo + *Woo + 2||a|h [ (t -t)M (llttWIIooJIIttWHoodr. (2.9) 



As u G V(T), this gives M(||u(r)|| 00 ) < M(i?) and hence 

\\Su\\ x(T) < \\<p\\oc+ T||V||o + 2M(JJ)||a||i||tt|U ( T) sup / (t-r)dr 

te[o : T]Jo 

< |MU + T\\iP\\ QO + M{R)R\\a\\ 1 T 2 . (2.10) 

This proves with Ji(R,T) = ||V>||oo + M(i?)i?||a||iT. Now let tt, u G F(T). We start 
by estimating Ku — Kv. Again suppressing t, 

\w(u(y) - u(x)) - w(v(y) - v(x))\ < M(R)(\u(y) - v(y)\ + \u(x) - v(x)\), 

and 

\(Ku)(x,t) - (Kv)(x,t)\ < M(R)(\a\*\u-v\)(x,t) 

+M(R)\\a\\ 1 \u(x,t) -v(x,t)\. (2.11) 

Similar to ([2TTU]) we get 

\\(Su)(t) - (Sv)(t)\\oo < l\t ~ t)\\u{t) - wMlloo dr (2.12) 

Jo 

and 

HSu-St^r) < Af(iZ) WaWxT^u-vWxiT) (2.13) 

which proves (12.51) with J2(R,T) — M(R)\\a\\iT. According to the scheme described 
above, this completes the proof. □ 

Theorem 2.3. Let 1 < p < oo. Assume that a G L 1 (R) and w G C X (E) iflitfi to(0) = 0. 
Tften i/iere is some T > smc/i ttat the Cauchy problem m.l\) - [T7B) is well posed with 
solution in C 2 ([0, T],L P (R) n L°°(R)) for initial data tp, ip G L P (R) n L°°(M). 

Proof. Let A = i p (R)nL 00 (R) with norm ||u||x = ll u llp+ IMloo- As we already have the 
L°° estimates given in (|2.9[) and (]2 . 12[) . we now look for the corresponding LP estimates. 
Lemma |2~T1 implies ||(|a| * \u\) (i)|| < ||ct||i| ||u(i)|| so 

\\(Ku)(t)\\ p < 2M(||u(t)|| 0O )[[a|| 1 ||«(t)|| p (2.14) 
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and Minkowski's inequality for integrals will yield 

||(5«)(t)|| p < |MIp+*IMIp + 2|M|i / (t-T)M(\\u(T)\U\\u(T)\\ p dr. (2.15) 

Jo 

Adding this to the L°° estimate (|2.9p . we get 

\\Su\\ x(T) < \\<p\\ x + TU\\ X + M(R)R\\a\\iT 2 . 

Similarly we have 

||(S«)(t) - (Sv)(t)\\ p < 2M( J R)||a|| 1 [ (t - t)\\u(t) - v(r)\\ p dr. (2.16) 

Jo 

Adding this to (|2~T2"|) gives 

||5u - Sv\\ x(T) < M^HallrT 2 !^ - v\\ x(T} 

and concludes the proofs of (|2.3I) and (|2.5I) . □ 

Theorem 2.4. Assume that a € L : (K) and w G C 2 (M) with w(0) = 0. Then there is 
some T > suc/i i/iai the Cauchy problem (Q77]]-(QHP is well posed with solution in 
C 2 ([0,T],C£(R)) for initial data <p, ip € C\ (R) . 

Proof. We now take X = C,J(R) for which the norm is = ||«||oc + || u '||oo- Since 

we have the sup norm estimates (|2.9[) and (12.121) all we need is estimates for their x 
derivatives. Throughout this proof we will suppress t (or t) to keep the expressions 
shorter, whenever it is clear from the context. Differentiating f|2.2[) gives 

d d f 

— (Ku)(x) = — a(y - x)w(u(y) - u(x))dy 
d f 

= — / a(z)w(u(x + z) — u(x))dz 
ox Jr 

a(z)w (u(x + z) — u(x))(u x (x + z) — u x (x))dz 
a(y - x)w'{u{y) - u(x))(u x (y) - u x {x))dy. 
Recall that \w'(u(y) - u(x))\ < Mfllu^Ho,) due to (|2l)]> . Then 

\{Ku) x {x)\ < M(||u||oo) / \a{y-x)\(\u x (y)\ + \u x {x)\)dy 



< M(||u|| ao )[(|a|*|« 1I .|)(a:) + ||a||i|u a! (a;)|]. (2.17) 

Since t 

\(Su) x (x,t)\ < \ip'(x)\+t\^'(x)\+ [ (t-r) \(Ku) x (x,T)\dT, (2.18) 

Jo 

we have 

||(S«)»(*)IL < ll^lloo + t||^|U + 2||a|| 1 [\t - rjMdluWIIooJHuxWHoodr. 
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But Mdlu^Hoo) < M(R) so adding up with the estimate (j2~9)l proves ([23]) 
\\ Su \\x(T) = ™-ax (||(5u)(i)|| 00 + ||(S'«) a! (t)|| 00 ) 
< \\i P \\ 1 , b + T\\^\\ ltb + M(R)R\\a\\ 1 T 2 . 
Next, for \r]i\ < 2R and < 2i? for (i = 1, 2), we estimate 

\w'(rii)ni - w' (r) 2 ) /j, 2 \ < \v/ (tii)\\hi - ii2\ + \w' (r]i) -w' (r) 2 )\\n2\ 

< M(R) l/xi - /i 2 | + 2i? max |to" (77) | |t ?1 - tj 2 \ 

r]<2R 

< M (R) |/ii - M2 1 + 2RN(R) \ m - m \ 
where N(R) = max,<2jj \w" (rf)\. Then 

\{Ku-Kv) x {x)\ < M(R) [ \a(y-x)\(\u x (y)-v x (y)\ + \u x (x)-v x (x)\)dy 



+2RN(R) / |a(y-a;)|(|u(|/)-«(i/)| + |u(a;)-i;(a;)|)di/ 

JR 

< M[R)((\a\ * \u x - v x \) (x) + \\aWt\uxix) - v x (x)\) 

+2RN(R)((\a\ * \u - v\) (x) + ||a||i|u(a:) - w(a;)|) (2.19) 



and 



\\(Su - SvUt)^ < 2M(R)\\a\\ 1 f (t - t)\\u x (t) - v^r^dr 

Jo 

+4RJV(i2)||o||i f (t - t)\\u(t) - Kt)|Mt 
Jo 

< (M(R) + 2RN(R))\\a\\ 1 T 2 \\u~v\\ x{T) (2.20) 
Finally, adding this to (|2.12[) we get (|2.5I) in the form 

\\Su - Sv\\ x ^ < max (\\(Su - Sv)(t)\\oo + \\(Su - S , u) x (t)|| 00 ) 



< 2 (M(R) + RN(R)) ||a||iT 2 || U - v\\ x{T) . 



□ 



Theorem 2.5. Let 1 < p < oo. Assume that a <E L X (R) and w G C 2 (R) mi/i io(0) = 0. 
T/iew i/iere is some T > sucft £/ia£ i/ie Cauchy problem i U.il) - / TOP is weZZ posed with 
solution in C 2 ([0,T], W 1 ' I '(R)) for initial data <p, ip € W 1,P (R). 

Proof. Let X = W^'^R) C L°°(R). Since ||tt|| wl , p = ||m|| + || u'|| p , we need derivative 
estimates only in addition to the L p estimates f|2 . 15[) and (|2.16p . For u,v e ^(T), from 
(I2.17[) - (I2.18[) and Minkowski's inequality we have 



\\(Su) x (t)\\ p <\\ l p>\\ p +t\\i;'\\ p + 2\\a\\ 1 / (t-r)M(\\u(T)\U\\u x (r)\\ p dT 



We note that the term ||tt||oo can be eliminated by using ||u||oo < C||it||wi, P due to the 
Sobolev Embedding Theorem. So M(||u(r)||oo) < M(CR) and adding up the above 
estimate with (|2.15[) proves (|2.3[) ; 

\\Su\\ x{T) = i^(\\{Su){t)\\ p +\\(Su) x (t)\\p) 

< \\<p\\ w i* + Wj\\ w i, p + M(CR)R\\a\\ 1 T 2 . 

Again from (|2.19l) we get 

\\(Su-Sv) x (t)\\ p < 2M(CR)\\a\\ 1 [ (t-T)\\u x (r)-v x {T)\\ p dT 

Jo 

+4RN{CR)\\a\\ 1 [ (t - t)\\u{t) - v(r)\\ p dr. 
Jo 

Together with (I2.16[) . we conclude the proof: 

\\Su - Sv\\ x{T) < 2 (M(CR) + RN(CR)) ||a||iT 2 || U - v\\ x{T) . 

□ 

Remark 2.6. We remark that the investigation can also continue for smoother data in 
along the same lines. That is, for initial data in C£(M) or W k:P (M.) with integer k we can 
prove higher-order versions of Theorems \2.J$2~h\ Also, the proofs clearly indicate that in 
Theorems \2.2\ and \2.S\ we can replace the assumption w € C 1 (IR) with its weaker form: w 
is locally Lipschitz. Similarly, in Theorems \2.4\ and \2.5\ the assumption w € C 2 (R) can 
be weakened to the condition: w' is locally Lipschitz. 

Remark 2.7. The above theorems of local well-posedness can be easily adapted to the 
general peridynamic equation U.S\) . Theorem \2.8\ below extends Theorem \2.2\ to the gen- 
eral peridynamic equation il.3\) . Clearly, similar extensions are also possible in the cases 
of Theorems [2~W2~R 

Theorem 2.8. Assume that f (C,0) = and f (C, 7?) is continuously differ entiable in r\ 
for almost all C- Moreover, suppose that for each R > 0, there are integrable functions 
satisfying 

|/(C,»7)|<Af (C), |/„(C,»7)|<Af (C) 

for almost all C and for all \r}\ < 2R. Then there is some T > such that the Cauchy 
problem is well posed with solution in C 2 ([0, T], C(,(R)) for initial data 

<p,^eC b {R). 

Proof. We proceed as in the proof of Theorem 12.21 By the Dominated Convergence 
Theorem, the condition \f (C,v)\ ^ ^? '(C) implies that Ku is continuous in x so that 
S : X(T) X(T). Using the second inequality \fn((,r])\ < (() the estimates for 

IK^WIloo and IK 5 ")^) - (S^WWoc follow as in and $HM , just replacing the 

term M(R) ||a||i by ||Af ||i and || A^|| i respectively, completing the proof. □ 
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Remark 2.9. To finish this section let us briefly mention the issue of multidimensional 
case in the general three-dimensional peridynamic theory. Although our analysis in this 
section has been presented for the one- dimensional case of the peridynamic formulation, 
the techniques used can be extended to the case of a system of three peridynamic equations 
in three space variables without any additional complication. Namely, if we replace the 
scalars x, y, u, w and a in by the vectors x, y, u, w(u) and the matrix a(x), 

respectively, the local existence theorems given above will still be valid. 

3. The Cubic Nonlinear Case in H S (R) 

We now want to consider the Cauchy problem (|1.1[) - (|1.2I) in the L 2 Sobolev space 
setting. We will denote the L 2 Sobolev space of order s on 1 by H S (R) with norm 

\\uf H s= f(i+er\m\ 2 ^ 

where u denotes the Fourier transform of u. For integer k > 0, H k (R) — W k ' 2 (R). 

As mentioned in Remark 12.61 the proof in the case of H 1 (R) can be extended to 
H k (R). On the other hand, for non- integer s, H s estimates of the nonlinear term w(u(y) — 
u(x)) involve technical difficulties. Nevertheless, the case of polynomial nonlinearities can 
be handled in a straightforward manner. We illustrate this in the typical case w(r]) = rf . 
Then, the integral on the right-hand side of (|1.1[) can be computed explicitly in terms of 
convolutions and the Cauchy problem (|1.1[) - (|1.2[) becomes 

uu = ct * u 3 — 3u(a * u 2 ) + 3it 2 (a * u) — Au 3 (3-1) 

u(x, 0) = tp(x), u t (x,0) = ip(x), (3.2) 

where A = f R a(y)dy. 

For the estimates below we need the following lemmas. 

Lemma 3.1. Let a e L 1 (R) and u 6 iJ s (M) for s > 0. Then a * u e H S (R) and 

\\a*u\\ H „ < \\u\\ B , . 

Lemma 3.2. 0/ Let s > and u, v e H S (R) r\L°°(R). ThenuveH s (R) and for some 
constant C (independent of u andv) 

\\uv\\ HB < CdlulU ||«|| ff . \\u\\ H ,). 

For the space H S (R) n L°°(R) we use the norm ||u|| s = ||u|| ffs + 11^11^. In general, 
Lemma 1^21 implies that H S (R) n L°°(R) is an algebra 

IIHUoo < C \\u\\ S!00 \\v\\, t00 , (3.3) 
and, by Lemmas 12.11 and 13.11 for a G L 1 (R) 

ll«*«ll. l0 o<ll«lliH.,oo- (3-4) 



We are now ready to prove the following theorem. 
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Theorem 3.3. Let s > 0. Assume that ip,ip e H S (R) n L°°(R). Then there is 
some T > such that the Cauchy problem t3.1\) - [37B) is well posed with solution in 
C 2 {[0,T],H s (R)r\L°°{R)) . 

Proof. We follow the scheme summarized at the beginning of Section 2 for X = H s (R) n 
L°°(R). Explicitly, 

Ku = a * it 3 — 3u(a * u 2 ) + 3it 2 (a * u) — Au 3 . 

We start by estimating the terms of the form u l (a * u 3 ) for i + j = 3. Clearly from (|3.3[) 
and dS3l, II"' ( 

a * w J J | ^C|l a llill u ll S oo- Nevertheless, for later use we derive a more 

precise estimate. By repeated use of Lemma [3.21 we have H^'H < Cj H u ||^ IMIjjs- 
Again, by Lemmas 13.11 and 13.21 

\\u l (a * v? ) „„ < C{ \\u l \\ TT . \\a * u 3 \\ +\\u l \\ \\a.*v?\\ TT S) 

II V / \ \ H s — Ml \\H S II II oo II llooll II H B > 

so that 

ll^oo <^IMIilMlLlMU- 

Similarly 

1 1 u l (a * u J ) — v l (a * v 3 ) 1 1 ^ < 1 1 u 1 (a * (u 3 — v 3 )) || ^ + | (it* — w l ) (a * ) 1 1 

C { 1 1 it* 1 1 II a * (v? — v 3 ')\\ +11?/— v l \\ \\a*v 3 \\ ) 

— yll lls,oc II v 'lls,oo II lls,oo II lls,ooy 

< C Hall, ( it* \\u 3 — v 3 \\ +\\v 3 \\ nu 1 — v l \\ 

— 11 in yll lls,oo II lls,oo II lls,oo II lis, 

< Hl^(lHUoo>ll«IUoc) Il«-W|l.,oo 

where P is some quadratic polynomial of two variables with nonnegative coefficients. 
The above results yield the following estimates for u,v G Y(T) 

\\Su\\ x(T) < \\<p\\.,oo+ T|^|| s ,oo + C-HaHx^T 2 , 

and 

||5u - Sv\\ x{T) < P (R, R) ||a||iT 2 || u - v\\ x(T) 
concluding the proofs of (|2.3I) and (12.51) . □ 



4. Global Existence and Blow Up in Finite Time 

In this section, we will first show that the maximal time of existence for the solution of 
the Cauchy problem (|l.lj) - ([1.2[) depends only on the L°° norm of the initial data. Then 
we will prove the existence of a global solution for two classes of nonlinearities and finally 
investigate blow-up for general nonlinearities. 
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4-1- Global Existence 

By repeatedly applying local existence theorems (Theorems 12.2112.51 and I3.3|) the so- 
lution can be continued to the maximal time interval [0,T max ) where either T max = oo, 
i.e. we have a global solution, or 

lim sup (\\u (t) \\ x + \\u t (t)\\x) = oo, 

where || || x denotes either one of the norms in C h (M), L P (R) n L°°(R), C£(R), W 1 ' P (R) 
or H"(R) nL°°(R). 

Theorem 4.1. Assume that the conditions in either one of Theorems l^.^lTOl or |g. 31 
ZioZii. Then either there is a global solution or maximal time is finite, where T m!iX is 
characterized by the L°° blow-up condition 

lim sup \\u (t) \\oo = oo. 

Proof. Clearly in each case the norm || is smaller than || || x . Hence it suffices to prove 
that if limsup t _j. T - \\u(t) ||oo = M < oo, then limsup t _>. T - (||u (t) \\x + \\ut (t) \\x) < oo. 
So assume that the solution exists in some interval [0,T) and satisfies \\u(t) \\oo < R for 
all < t < T. The solution satisfies 

/•* 

u(x,t) — (p(x) + tip(x) + / [t — t)(Ku)(x, r)dr, 

Jo 

u t (x,t) = ip(x) + / (Ku)(x,T)dT. 
Jo 

In all cases the estimate for Ku is of the form 

\\Ku\\ x <M(\\u\U\\u\\ x 
with a nondecreasing function M. of . Since \\u(t) \\oo < R for all t € [0,T), 

II«(*)IIa- + IK(*)IIx < IMlA- + (i + r)Wjf + (i + r)A<(ii) f \\u(r)\\ x dT, 

Jo 

so that Gronwall's Lemma implies 

II" (t)\\x + IK (t)\\x < (Mix + (l+T) H\\ x ) et 1 ^ 
for all i € [0,T). So limsup t ^. T - (||u (t) \\ x + \\u t (t) \\x) < oo. □ 

Theorem 4.2. Assume that the conditions in either one of Theorems \2.2f^75\ hold. If 

the nonlinear term w in satisfies \w (r])\ < a \rj\ + b for all n 6 R, then there is a 

global solution. 

Proof. Assume the solution exists on [0,T). Then 

\{Ku)(x,t)\ < \a(y-x)\(a\u(y,T)-u(x,T)\ + b)dy 

JR. 

< a (|a| * \u\) (x, t) + a IHIj \u(x, t)\ + b , 
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and by ([2"TT 



«(*)IL < IM[ 00 + *Wo +/ (i-^^IKHH^DWIL + alHIiK^iL + biHUdT 



< IMIoc + r IML + ^ + 2aT Hall, / ||«( 

Jo 



and Gronwall's lemma shows that limsup^y- \\u (t) < oo. □ 

Lemma 4.3. (The Energy Identity) Assume that a G L 1 (R) is even and w G C 1 (R) is 
odd with w(0) = 0. If u satisfies the Cauchy problem il.l\) - ![Tj^) on [0, T) with initial 
data cp,tpe L X (R) n L°°(R), then the energy 

E(t) = l\\u t (t)f 2 + l [ a(y~x)W{u(y,t)-u(x,t))dydx, 
1 1 Jr 2 

is constant for t G [0, T), where W{rj) = J" w(p)dp. 

Proof. By Theorem [231 with p = 1 we know u G C 2 ([0, T], L 1 (R) n L°°(R)). Since 
L 1 (M) n L°°(R) C i 2 (R), we have u t (t) G L 2 (R). Moreover, an estimate similar to (|2T7|) 
where w is replaced by W shows that the term a(y — x)W(u(y, t) — u(x, t)) is integrable on 
R 2 . Hence E(t) is defined for all t G [0,T). Multiplying ([TTTj) by u t (x,t) and integrating 
in x we obtain 



Utt {x) Ut (x) dx — J a (y — x) w [u (y) — u (x)) Ut (x) dydx 

a(y — x) w (u (y) — u (x)) Ut (x) dydx 

R 2 

- / a(y-x)w(u (y) - u (x)) u t (x) dydx, 

^ ./IB>2 



where we have again suppressed t. We now change the order of integration and switch 
the variables x, y in the last integral to obtain 



a (x — y) w (u (x) — u (y)) Ut (y) dydx. 



Since a is even while w is odd, this gives 
1 

so that 



a(y-x)w(u (y) - u (x)) u t (y) dydx, 



u u (x) u t (x) dx = -- [ a (y - x)w(u (y) - u (x)) (u t (y) - u t (x)) dydx. 

* JR 2 

But since W' = tu; we have 

44 / («t (a;)) 2 dx = - — i / a (y - x) W (w (y) -u(x))dydx 
at a j R at z j R 2 

so that = 0. □ 
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Theorem 4.4. Assume that a € L 1 (R) ni°°(M) is even with a > almost everywhere; 
w E C 1 (R) is odd with w{0) = and W > 0. J/ £/iere is some g > | and C > so £/ia£ 

< CW(f]) (4.1) 

/or aZ? r\ G R, i/ien £/iere is a global solution for initial data ip,ip £ L 1 (IR) l~l L°°(R). 

Proof. Assume that the solution exists in [0,T). By Lemma T4. 31 the energy is finite and 
the energy identity E(t) = E(0) holds for all t G [0, T). Consider the energy density 
function 

e(a;,t) = -(tt t (x,i)) 2 + / a(y - a;) (u (j/,t) - u (x,t)) dy. 
z Jr 

Differentiating with respect to t 

e t (x,t) = u t (x,t)u t t{x,t) + a(y - x) w(u(y,t) - u(x,t))(u t (y,t) - u t (x,t))dy 

JR 

a(y - x) w(u(y, t) - u(x, t))u t (y, t)dy. 

Note that by the assumptions of the theorem e(x,t) and et(x,t) are in L°°(R) for each 
fixed t. Letting p be the dual index to g; i.e. 1/p + l/q = 1, we have 

\e t (x,t)\ < I a(y-x) \w(u(y,t) - u(x,t))\\u t (y,t)\dy 
Jr 

< M 1 ! P \\ut(t)\t VP I \u t (y,t)\ 2/p (a(y-x))^ \w(u(y,t)-u(x,t))\dy, 

JR 

and by Holder's inequality 

\e t (x, t)\ < ||a||L /p \\u t (t)\t 2/p (J \u t (y, t)\ 2 dy^j ^ (7 a(y - x) \w(u(y, t) - u(x, dy^j ^ . 
Using the condition (|4.1I) we have 

\et(x, t)\ < ||«||^ \\u t (t)\t 2/P \\Mt)\\l /P ( C I a(y - x) W (u (y, t) u (x, t)) dy'' 



Since a > and W > 0, by the energy identity we have \\ut (t)\\ 2 < 2E (0). Also, both 
terms in e(a;, t) are nonnegative so that taking essential supremum over i£l, 

\W MIL < ||a||L /P (225(Q))V* (2 ||e (i)|U 1/2 - 1/p (C ||e (t)\\ 00 ) 1/q 
< C||e(t)||^ 

with r = 1/2 — l/p+ l/q = 2/q — 1/2 and some other constant C in the last line. Note 
that when q > 4/3, r = 2/g - 1/2 < 1. Since 

e (x, t) = e (x, 0) + / e t (x,T)dr 
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we have 

||e(*)|L < 1^(0)11^+ /VtWILdr 

Jo 

< M0)\L + C f Hr^dr, 
Jo 

for all t e [0,T). As r < 1, we have ||e(t)||^ < |[e (*) + 1. By Gronwall's lemma 
||e (t)!!^ and thus \\u t (i)lloo s ^ a y bounded in [0,T). Integration again gives 

IK*)IL<IML+ riKWIL^ 



so that Hw^lloo does not blow up in finite time. □ 

Remark 4.5. Considering the typical nonlinearity w(rf) — f?!" -1 ^ we have W(n) = 
\ r l\ l/+1 ■ Then the exponent q of Theorem \4-4\ equals {y + l)/v and q > | if and only 
if v <"&. In other words Theorem \4-4\ applies to at most cubic nonlinearities. 

4-2. Blow-up 

In this section, we will consider the blow-up of the solution for the Cauchy problem 
(|l.ljl - (|1.2jl by the concavity method. For this purpose, we will use the following lemma 
to prove blow up in finite time. 

Lemma 4.6. 0/ Suppose H(t), t>0 is a positive, twice differ entiable function satis- 
fying H"(t)H(t) + (H'(t)f > where v > 0. If H (0) > and H' (0) > 0, then 
H (t) -)■ oo as t -» t x for some t x < H (0) /vH 1 (0). 

Theorem 4.7. Suppose that a is even, w is odd, the conditions of Theorem \2.3\ hold for 
p = 1 and a > almost everywhere. If there is some v > such that 

r\w (r\) < 2 (1 + 2v) W for all n 6 R, 

and 

' t ' 

then the solution u of the Cauchy problem \1. i) )-i TO)) blows up in finite time. 

Proof. Assume that there is a global solution. Then u(t), u t (t) e L 1 (R)nL oc (M) C L 2 (R) 
for all t > 0. Let H (t) — \\u(t)\\2 + b(t + to) 2 for some positive constants b and to to be 
determined later. Suppressing the t variable throughout the computations 

H'{t) = 2(u,u t ) +2b{t + t ) 
H"(t) = 2||u t ||*+2<u,u tt }+2&. 

Using (|LT|) 

2{u,utt) = 2 J a{y — x) w {u(y) — u(x)) u(x)dydx 

R 2 

a (y — x) w (u (y) — u (x)) u (x) dydx 

a(y — x)w (u (y) — u (x)) u (x) dydx. 
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E(0) = - + - I a(y-x)W (<p(y) - <p(x)) dydx < 0, 



Interchanging the variables x and y in the second integral and noting that a is even and 
w is odd we get 



2{u,u tt ) = 



a(y — x) w (u(y) — u(x)) u{x)dydx 
a(y — x) w {u{y) — u(x)) u(y)dydx 
a(y — x) w (u(y) — u{x)) (u(y) — u{x))dydx. 



So that 



2 > -2(l + 2z/) / a(y-x) W (u{y) - u(x)) dydx 

Jr 2 

= 4(l + 2i/)(i||u t ||*-B(0)). 



Hence we get 



H" {t) > 4 (1 + v) \\u t \\l — 4 (1 + 2v) E (0) + 2b. 



On the other hand, we have 
(H'(t)f 



= 4[{u,u t ) + b(t + t a )Y 
< 4[||«|L||«t|| 2 + &(* + to)] 



= 4 
< 4 



\\u\\ 2 2 \\u t \\l + 2 \\u\\ 2 \\u f \\ 2 b (t + t ) + b 2 (t + t ) 2 )} 
\\uf 2 \\u t f 2 + b \\u\\l + b \\u t \\l (t + t Q f + b 2 (t + t f 



Thus 

H"(t)H{t) 



[1 + v) {H'{t)f 
> U (1 + v) \\u t f 2 - 4 (1 + 2v) E(0) + 2b\ \\\uf 2 + b(t + t ) 2 

-4 (1 + v) [|| U [[» |[«t||= + b \\u\\ 2 2 + b \\u t \\l (t + t Q f + b 2 (t + tof 

= [-4 (1 + 2v) E(0) + 2b-4b(l + v)] \\\u\\ 2 2 + b(t + tof 
= -2(l + 2iv){b + 2E(0)) H(t). 
Now if we choose b < —2E(0), this gives 

H" {t)H(t)-(l + u) (H' (t) f>0. 

Moreover 

H' (0) = 2 (<p, ip) + 2bt > 

for sufficiently large to- According to Lemma H^l this implies that H (t), and thus ||u(t)|| 2 
blows up in finite time contradicting the assumption that the global solution exists. □ 
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